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I. Introduction

I N general, nonlinear flow disturbances in time and/or space can
be identified and represented by a discrete Fourier series as long

as they are periodic. For most engineering applications, only a few
lower-order harmonics will be sufficient. The method of using the
Fourier series in computing nonlinear time-domain unsteady flows
in turbomachinery has been firstly proposed by He.1 Development
and applications of the Fourier transform type of phase-shift con-
dition have been progressed for rotor-stator blade row aerodynamic
interactions,2−4 inlet distortions,5 and aeroacoustic propagations in
ducted fans.6 Recently efficient Fourier-transform-based solution
methods have been developed by Hall et al.7 and McMullen et al.8

for periodic unsteady flows.
The present work is aimed at extending the Fourier modeling

methodology to nonaxisymmetrical steady and unsteady flows,
in conjunction with the technique of a simultaneous Fourier
transform.7 The utility/applicability is of general relevance to aero-
dynamics and aeroacoustics of duct flows subject to circumferential
distortions. It is also relevant to turbomachinery aeroelasticity, as
flutter behavior of both frontal fan and last stage low-pressure tur-
bine blades can be considerably influenced by upstream/downstream
ducting. These ducting configurations are typically of much longer
length scales compared to that of a blade passage and often subject
to nonaxisymmetrical flow and/or geometrical conditions.

II. Modeling of Nonaxisymmetrical Steady Flow
A. Model Formulation

Consider a circumferential nonuniform flow with a wavelength
of the whole circumference. Taking a cylindrical coordinate system
(x, r, θ ), we approximate the circumferential variation by the N th-
order discrete Fourier series, thus

U (x, r, θ) = Ū (x, r) +
N∑

n = 1

[Ansin(nθ) + Bncos(nθ)] (1)

where Ū is the circumferentially averaged value of flow variable U .
The Fourier coefficients An and Bn only depend on the axial and
radial coordinates (x, r ).
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The purpose of using the Fourier approximation is to reduce the
computing resource required by a direct calculation of the whole
domain of 360-deg circumference. The circumferential domain can
be truncated to such an extent as long as it can provide sufficient in-
formation to carry out the Fourier transform. The minimum require-
ment for an N th-order Fourier series would be 2N +1 points evenly
spaced over the circumference. For instance, three circumferential
mesh cells would be sufficiently needed for the Fourier transform
if only one harmonic is retained (Fig. 1). In general, 2N + 1 mesh
cells will be placed in the following circumferential positions for an
N th-order Fourier series:

θi = [i/(2N + 1)]2π (i = 1, 2, . . . , 2N + 1) (2)

Now effectively we only have 2N +1 circumferential discrete mesh
cells.

Consider that the flow equations are discretized by a typical
cell-centered finite volume scheme and solved by an explicit time-
marching integration. After each step of the time-marching inte-
gration, the flow variables at cell centers of the 2N + 1 mesh cells
have been updated. These at the 2N + 1 cell centers are then used to
carry out the circumferential Fourier transform, giving the Fourier
coefficients:

An(x, r) = 2

2N + 1

2N + 1∑

i = 1

Ui sin(nθi ) (3a)

Bn(x, r) = 2

2N + 1

2N + 1∑

i = 1

Ui cos(nθi ) (n = 1, 2, . . . , N ) (3b)

The resultant Fourier series gives the simultaneous and complete
circumferential flow distribution. Next we have to consider how to
evaluate/assign the flow variables at the dummy points to enable
fluxes or differences calculations. In this case, the values at the cir-
cumferential dummy points are given by the Fourier series with cor-
responding phase shifts. If the phase for the cell center is θi , the val-
ues at the two dummy points (Fig. 2) are then simply determined by

U (x, r, θi + �θ) = Ū (x, r) +
N∑

n = 1

{Ansin[n(θi + �θ)]

+ Bncos[n(θi+�θ)]} (4a)

Fig. 1 Computational mesh cells required for one Fourier harmonic
(N = 1).
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Fig. 2 Computational cell and its circumferential dummy points.

Fig. 3 Circumferential distributions of axial velocity at duct domain
exit (inlet distortion of 50% dynamic head).

U (x, r, θi − �θ) = Ū (x, r) +
N∑

n = 1

{Ansin[n(θi − �θ)]

+Bncos[n(θi − �θ)]} (4b)

Once the values at the dummy points are determined,
fluxes/differences can be computed for the next step of iteration.

B. Computational Examples
The Fourier-transform-based method has been implemented in

a multiblock structured-mesh Reynolds-averaged Navier–Stokes
(RANS) solver. The governing equations are discretized with a cell-
centered finite volume scheme and integrated in time using the ex-
plicit four-stage Runge–Kutta scheme. The Fourier transform and
update are carried out at each fractional time-marching step.

First, a simple two-dimensional flow on the x–θ plane is consid-
ered. The full domain for a direct computation is between x = 0 and
0.5 m and between θ = 0 and 360 deg, covered by 100 mesh points in
the axial direction and 100 in the circumferential direction. The flow
is subject to a stationary sinusoidal stagnation pressure distortion at
the domain inlet. The amplitude of the stagnation pressure distortion
is 5%, corresponding to 50% of the circumferentially averaged dy-
namic head. Five harmonics (hence 11 circumferential mesh cells)
are used in the Fourier solution. The circumferential phase-shift re-
lation enables a whole 360-deg domain flowfield to be constructed,
which can be directly compared to the direct full domain solution.
The axial-velocity distributions along the circumferential distance
at the domain exit are given in Fig. 3. The axial-velocity distribution
is not quite sinusoidal because of nonlinearity, and this nonlinear
effect is adequately captured by the Fourier solution with three har-
monics. A further increase in the number of harmonics retained
leads to little difference. The results with five and eight harmonics
are almost identical.

The second example is a three-dimensional annulus intake duct
(inner radius of 0.2 m, outer radius of 0.8 m, axial length of 0.8
m) subject to a 10-deg crosswind. The computational mesh for the
direct full-domain calculation is shown in Fig. 4, where 300 cir-
cumferential mesh cells cover the 360-deg whole annulus domain.
At the inlet, circumferential distortions in the circumferential and

Fig. 4 Computational mesh for an annular duct.

a) Fourier solution (11 mesh cells)

b) Direct solution (300 mesh cells)

Fig. 5 Circumferential flow angles (in degrees) at duct exit (10-deg
crosswind from right to left at inlet).

radial inflow angles are specified. Both the circumferential and ra-
dial angle distortions are in a sinusoidal form with an amplitude
of 10 deg. But the two angles are offset by a 90-deg circumfer-
ential phase difference. The radial angle distortion decays quickly
through the duct, whereas the distortion in the circumferential flow
angle is more persistent downstream (Fig. 5). The direct 360-deg
domain calculation (300 circumferential mesh cells) is shown in
Fig. 5b. The Fourier solution (Fig. 5a) retaining five harmonics needs
only 11 circumferential mesh cells. Both solutions are in very good
agreement, demonstrating the validity and implementation of the
Fourier-transform-based method.

The next example is an outlet guide vanes (OGV) and pylon-
combined configuration for aeroengines. The nonuniform potential
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field with a wavelength of the whole annulus as generated by the py-
lon can propagate across the OGV and lead to aerodynamically and
aeromechanically detrimental effects.9 The whole flow domain has
two very different length scales of interest: the nonuniform pylon
field and the OGV blade passage. The OGV region requires a much
higher mesh density and dominates the overall mesh requirement.
In this example the Fourier modeling with the circumferential do-
main truncation is applied to the OGV region. It is recognized that
for a bladed region the basic circumferentially truncated mesh do-
main will have to be one blade passage, whereas for a duct field
the basic truncated domain contains only one mesh cell. Here, the
OGV row has 30 cambered blades. The inlet flow (Mach number
of 0.44) to OGV has a swirl angle of 30 deg. The OGV domain
is truncated from 30 passages to five discrete passages, which are
circumferentially evenly distributed for a Fourier solution with two
harmonics. The computational mesh and static-pressure contours
by the Fourier solution are shown in Fig. 6. Also carried out is a
Fourier solution with one harmonic only (i.e., three discrete OGV
passages meshed). The static-pressure distributions at the OGV in-
let are plotted in Fig. 7 for the two Fourier solutions in comparison
with a direct solution (30 OGV passages). It is noted from the direct
solution that the circumferential pressure distribution is nonsinu-
soidal. The circumferential distance between the positive and nega-
tive peaks is only about 42% (instead of 50%) of the circumference.
The Fourier solution with one harmonic does not capture this behav-
ior, although the peak-peak nonuniform pressure magnitude is rea-
sonably well predicted. The solution with two harmonics, however,
gives a marked improvement and good agreement with the direct

a) Mesh close-up

b) Static-pressure contours

Fig. 6 OGV–pylon coupled solution [five passages (two harmonics)
retained in OGV region].

Fig. 7 Static-pressure distributions along circumference (at OGV
inlet).

solution. The results demonstrate a very fast and desirable harmonic
convergence.

In general, the reduction factor in computational mesh points
in the circumferential direction in comparison with a direct whole
annulus solution is given by

2π

(2N + 1)�θ
(5)

where �θ is the circumferential spacing (in radians) of the basic
truncated domain and N is the number of harmonics retained. For a
duct field without blades, the basic truncated domain contains only
one mesh cell, and the mesh reduction factor is thus

total circumferential mesh cells of direct solution

(2N + 1)
(6)

On the other hand, for a bladed region �θ is the blade passage pitch;
hence, the corresponding mesh reduction factor is

total number of blade passages in direct solution

(2N + 1)
(7)

In terms of the time-marching convergence rate, the Fourier so-
lutions have typically been shown to converge faster than direct
solutions. This might well be attributed to the fact that the Fourier
transform effectively enables an instantaneous circumferential com-
munication throughout the whole domain at each step. The commu-
nication between the two circumferential boundaries will have to
take at least a few steps in a full-domain direct solution with an ex-
plicit solver. The overhead caused by the Fourier transform is about
40–50% for a duct domain, where every mesh cell will be involved.
For a bladed domain, the Fourier transform only needs to be car-
ried out at the blade passage boundaries. Hence the overhead can be
within 5–10%, depending on the mesh density. More specifically,
for the three-dimensional intake duct under a crosswind, the mesh
points are reduced by a factor of 27 when five harmonics are used.
The saving in CPU is by a factor of about 20. For the OGV-pylon
interaction case, the mesh points are reduced by a factor of six, and
the saving in CPU is about of factor about five, when two harmonics
are included.

III. Modeling of Nonaxisymmetrical Unsteady Flow
A. Modeling Consideration and Formulation

In general, an unsteady flow variable can be expressed in terms
of a time-averaged base and an unsteady fluctuation:

Ũ (x, r, θ, t) = U (x, r, θ) + U ′(x, r, θ, t) (8)

Assume the unsteady disturbance is a linear perturbation from a
steady state. A kind of problem of interest is the propagation of
acoustical pressure waves of small magnitude in a nonaxisymmet-
rical base flowfield. Then we can deal with each temporal harmonic
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separately. A harmonic perturbation in time at a frequency ω can be
expressed by a pair of complex conjugates:

Ũ (x, r, θ, t) = U (x, r, θ) + Û1(x, r, θ)eiωt + Û−1(x, r, θ)e−iωt

(9)

where Û1 = Ur + iUi and Û−1 = Ur − iUi . Hence, the unsteady flow
can be fully determined if we know the steady base flow U (x, r, θ)
and the real and imaginary parts of the complex amplitude (mode
shape) Ur, Ui .

The steady nonaxisymmetrical base flow can be obtained effi-
ciently as described in the preceding section. Noting that Ur and
Ui are space dependent only; therefore, we can also express their
circumferential variations in terms of an N th-order spatial Fourier
series with respect to θ , similar to Eq. (1):

Ur (x, r, θ) = Ūr (x, r) +
N∑

n = 1

[
(Ar )nsin(nθ) + (Br )ncos(nθ)

]

(10a)

Ui (x, r, θ) = Ūi (x, r) +
N∑

n = 1

[
(Ai )nsin(nθ) + (Bi )ncos(nθ)

]

(10b)

In this way, we now use the circumferential Fourier series to approx-
imate the equivalent mode shape of the unsteady perturbations. A
relevant issue is how many circumferential points we now need to do
the Fourier transform to capture a typical mode shape of practical in-
terest. For instance, consider an axisymmentrical intake duct where
unsteadiness is generated by a downstream fan with 25 blades. The
corresponding rotating harmonic unsteadiness at the blade-passing
frequency ω will be in a form of

U ′(x, r, θ, t) = A(x, r)sin(ωt + Ndθ) (11)

where Nd is the number of nodal diameters of the circumferentially
traveling wave mode, and in this case equals to the number of fan
blades, and A(x, r) is a positive real number. It can be shown that
corresponding real and imaginary parts [Eqs. (9) and (10)] vary
circumferentially in a sinusoidal manner:

Ur (x, r, θ) = C(x, r)cos(Ndθ) (12a)

Ui (x, r, θ) = C(x, r)sin(Ndθ) (12b)

where C(x, r) is a real number. For the present case (Nd = 25), a
straightforward Fourier representation of the mode shape would be
required at least to retain 25 circumferential harmonics to capture
the circumferential variation of the unsteadiness. On the other hand,
however, we already know the circumferential traveling wave speed
(fan rotation speed) and the number of nodal diameters (fan blade
number). Thus, the relative temporal phase angle of the unsteadiness
between any two points for a given (x, r) is fixed. Hence the only
unknown is the amplitude, that is, the mode shape is independent of
θ . This can be easily seen by phase shifting back the unsteadiness
at θ [Eq. (11)] by Ndθ . The phase-shifted unsteadiness is clearly
independent of θ . Practically only one circumferential mesh cell
would be needed in the solution, and the whole circumferential
domain can be constructed by the known phase relation.

The preceding consideration for an undistorted axisymmetric flow
is now extended to a distorted nonaxisymmetric one. Consider a case
where the amplitude of the unsteady harmonic caused by the rotating
fan blades is modulated by an inlet distortion of a wavelength of the
whole annulus. The real and imaginary parts are assumed to be in
form of

Ur (x, r, θ) = C(x, r)sin(θ)cos(Ndθ) (13a)

Ui (x, r, θ) = C(x, r)sin(θ)sin(Ndθ) (13b)

To capture the unsteady flowfield, we only need to know how the
mode shape is distorted circumferentially. Instead of using the com-
plex amplitude Û1 directly, we use a phase-shifted one Û1e−i Nd θ ,

which should only have a long wavelength circumferential varia-
tion corresponding to the distortion. As a result, the circumferential
mesh points required for the Fourier solution can be significantly
reduced. Denote Û

′
1 = Û1e−i Nd θ = U

′
r + iU

′
i . The circumferential

Fourier transform is then carried out with respect to the phase-
shifted complex amplitude Û

′
1 (e.g., for the nth spatial harmonic

of its real part):

(A′
r )n = 2

2N + 1

2N + 1∑

1

Real(Û
′
1)sin(nθ) (14a)

(B ′
r )n = 2

2N + 1

2N + 1∑

1

Real(Û
′
1)cos(nθ)

(n = 1, 2, . . . , N ) (14b)

After the circumferential representations of the real and imaginary
parts of Û

′
1 are obtained from the Fourier series, the complex am-

plitude at any circumferential position θ is given by Û1 = Û ′
1ei Nd θ .

By using the preceding technique, we effectively use the Fourier
series to model the deviation of a distorted traveling wave from an
undistorted one. Consequently, the same number of circumferential
Fourier harmonics can be used for both the distorted steady baseflow
and unsteady perturbations. The rest of the method follows more or
less the same procedure as that for a steady flow.

B. Computational Example
A two-dimensional intake duct section of a constant radius is used.

The intake is subject to an inlet stagnation pressure circumferential
distortion with an amplitude of 30% dynamic head. At the exit, the
duct is subject to upstream running acoustic waves to simulate a
rotating unsteady pressure field generated by a transonic fan rotor.
The amplitude of the unsteady pressure at the exit is specified to
be 500 Pa. It is assumed that the rotor of 20 blades rotates at a
tangential velocity of 418 m/s. Consider the fundamental temporal
harmonic at the blade passing frequency. Again, the validation of
the new method is made by comparison with a direct solution of the
time-linearized equations over the full 360-deg domain. Numerical
tests showed that for the present second-order spatial discretization
at least 20 mesh points should be needed for accurately resolving
one harmonic. In this case, 30 circumferential mesh cells are taken
nominally to resolve one spatial harmonic. Hence, for the whole
annulus domain covering 20 harmonics, 600 mesh cells are used in
the direct calculation. For the Fourier solution on the other hand,
five harmonics are retained, so that only 11 circumferential cells are
needed in the calculation. Thus we have a drastic reduction of mesh
cells by a factor of nearly 55 times.

The distorted steady flow pattern and the comparison between
the Fourier solution and the direct solution are similar to those as
shown in Fig. 3. Figure 8a shows the instantaneous static-pressure
contours reconstructed from the Fourier solution. Figure 8b shows
the result from the direct solution using the whole annulus domain.
The upstream propagated pressure waves are clearly distorted by the
nonuniform steady base flow, and this distortion effect is accurately
captured by the Fourier-transform-based solution, which uses only
2% of the mesh points. The saving in CPU achieved in this case is
only about a factor of 11. This is largely because of the extra com-
puting time required by the Fourier transform. Further speed up is
expected with efforts in optimized coding for complex variables. A
more quantitative comparison is given in Fig. 9 for the circumfer-
ential distributions of instantaneous pressures at an axial position
50% of the duct length. The excellent agreement between the two
solutions clearly demonstrates the validity of the present Fourier-
transform-based approach. The present method offers a significant
advantage for efficient and accurate solutions to the time-linearized
flow equations for blade tone noise propagations in nonaxisymmet-
ric duct flows.

Similar to the steady flow example for an OGV-pylon interaction,
the present method can also be applied to the circumferential “ape-
riodic” steady and unsteady flows in blade rows, where the passage-
to-passage aperiodicity is either caused by relatively stationary
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a) Fourier solution b) Direct solution

Fig. 8 Instantaneous static-pressure contours (inlet stagnation pres-
sure distortion with wavelength 2π; upstream running acoustic waves
at exit with wavelength of 2π/20).

Fig. 9 Circumferential distributions of instantaneous static pressure
at middomain (inlet stagnation pressure distortion with wavelength 2π;
upstream running acoustic waves at exit with wavelength of 2π/20).

inlet/exit distortions (e.g., inlet distortion/compressor inlet-guide-
vane interaction) or by rotor-rotor (or stator-stator) interactions.

IV. Conclusions
In recent years, the Fourier-transform-based approach has been

developed in various forms for efficient computations of unsteady
turbomachinery flows. Previous work was limited to flows in blade
rows subject to a phase-shift periodicity. The present work extends
the capability to dealing with nonaxisymmetric steady and unsteady
flows. The modeling formulations and computational sample cases
are presented for a nonaxisymmetric duct flow under a crosswind
and acoustic propagation of pressure waves in a distorted flow. Com-
parisons of the present Fourier solutions against the whole annulus
calculations confirm the validity of the methodology. It is clearly
demonstrated that the approach is accurate and effective, leading
to a significant computational speed up (10–30 times for the cases
studied) over a direct whole annulus solution.
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